
S I M U L T A N E O U S  D E T E R M I N A T I O N  O F  

T H E R M O P H Y S I C A L  C H A R A C T E R I S T I C S  

OF  M A T E R I A L S  

M. M a r i c h  UDC 536.21 

Nonstationary methods for the simultaneous experimental  determination of the diffusivity 
and thermal  conductivity of a semi-infini te  body and a sys tem of cylinders are  analyzed. 

Most nonstat ionary methods of determining the diffusivity and thermal  conductivity use analytic solu-  
tions of the heat-conduct ion equation for homogeneous bodies of simple geometr ica l  shapes.  The most  
frequently employed initial condition is a uniform tempera ture  distribution. The choice of boundary condi- 
tions depends on the possibil i ty of realizing them and the desire  to obtain the s implest  form of analytic 
solution. Therefore  experiments  are ordinar i ly  per formed with a semi-infini te  rod for  which analytic solu-  
tions can be obtained for  cer tain boundary conditions. The simplest  case is the maintenance of a constant 
tempera ture  during the whole time of the experiment:  

T (x = 0, T > 0) = To = const. (1) 

In this case the solution has the form 

0 (x, T) T (x, ~) - T 0 eric x 
r e - -  T o 2 V-~- " 

The diffusivity a can be determined by measur ing  the time z and the excess tempera ture  at an arbi -  
t r a r y  point of the rod x = R and monitoring the constancy of the excess tempera ture  T c - T  0. In this ease, 
however,  it is impossible to determine the second important  charac te r i s t ic  of the mater ia l  - the thermal  
conductivity X, 

Basical ly  there are  two ways to determine a and ~t simultaneously for a body of this same geometr ic  
form: 1) by introducing a boundary condition which descr ibes  heat t r ans fe r  at the heated end of the rod;  2) 
by satisfying the infinity condition by using a rod with known thermal  charac te r i s t i cs  as a standard.  

In the f i rs t  case one of the boundary conditions (2) or  (3) is chosen: 

OT (0, ~) -- qc = const. (2) 
Ox 

In this case 

T (x, T) - -  T o = 2q-----a-~ ] / '~-  ieric x _ .  
�9 �9 ~ 2 V ~  ' 

By measur ing the excess tempera tures  in the plane x = R at t imes T' and r ~ we find a f rom the r e l a t i o n  

T (R, T") - -  r o / - - ~ -  ieric R/2 V ~  

To--To - - - - V 7  ierfcR/2;"a~' ' 

and by measur ing  the constant heat flux qc we can calculate X. For  the boundary condition 

) 0T(0, -c) + a [ T . - - T ( 0 ,  ~)] = 0. 
Ox 

(3) 
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Fig .  1. T e m p e r a t u r e  T of s a m -  
p l e  a s  a func t ion  of the t i m e  "r in 
m i n u t e s  [4]. 

the solution takes the form [11 

e(x, z) T(x, z ) , T  O _ eric x 
T~ - -  To 2 l # ~  

--exp - -  " eric __ --~ . 
)~ 2~ 2 , 2 l a T  L 

H e r e  a l s o  i t  is  s u f f i c i e n t  to m e a s u r e  two v a l u e s  of the  t e m p e r a t u r e  
d i f f e r e n c e  be tw e e n  the body  and the m e d i u m  T(R,  ~ - ) -T  O at  t i m e s  ~-, 
and ~'~ and to m o n i t o r  the  c o n s t a n c y  of the  t e m p e r a t u r e  T c.  Thus  
two equa t ions  a r e  ob t a ined  with a r g u m e n t s  a and X which  can  be 
s o l v e d  g r a p h i c a l l y .  The  c o r r e c t  d e t e r m i n a t i o n  of the  h e a t - t r a n s f e r  
c o e f f i c i e n t  a i s  of v i t a l  i m p o r t a n c e h e r e .  In ob ta in ing  the  s o l u t i o n  
i t  i s  a s s u m e d  tha t  a i s  c o n s t a n t  but, s t r i c t l y  s p e a k i n g ,  th is  i s  not  
o b s e r v e d  in n o n s t a t i o n a r y  p r o c e s s e s .  

S ince  b o u n d a r y  cond i t i on  (1) is  e a s i e r  to m a i n t a i n  a c c u r a t e l y  
than  the o t h e r s ,  e x p e r i m e n t s  wi th  a s t a n d a r d  in p r i n c i p l e  g ive  a 
b e t t e r  r e s u l t  and s i m u I t a n e o u s l y  e n s u r e  a d e t e r m i n a t i o n  of  both  
c o e f f i c i e n t s .  T h i s  me thod  was u s e d  in [4] wi th  a v e r y  s i m p l e  e x -  
p e r i m e n t a l  a r r a n g e m e n t .  The  s o l u t i o n  of the d i f f e r e n t i a l  equa t ion  
fo r  the t e s t  body,  a f in i t e  r o d  with  t h e r m a l  i n s u l a t i o n  and m o i s t u r e -  
p roof ing ,  h a s  the f o r m  

= eric x E [ 2 ~ h n eric 22nR]/~-- x 2nR2]/ag+ x ] e~c ~ = = _ ,  o z x :; R, �9 > o. (4) O (x, "c) = T 1(x, x ) - -  T O 
T.  - -  r O 

n = l  

F r o m  a m e a s u r e m e n t  of 01(R/2 , r ) ,  o r  b e t t e r  S t i l l  0 t ( R / 3 ,  T), i t  i s  p o s s i b l e  to f ind al  by n e g l e c t i n g  a l l  
t e r m s  of the  s u m  even  if [hi is  not v e r y  much  s m a l l e r  t han  1. T h i s  is  su f f i c i e n t  to e n s u r e  tha t  0 t ( R / 3  , T) 
~ 0.55 s i n c e  [ 5R/3 7R/3] R,3 l er ic  ] /  er ic - -  

0 . 5 5 = e r i c  21  oat 2 alT 2 V a l ~  

= er ic 0.422 - -  ! [er ic 2.110 - -  er ic 2.9541 = 0.55064 - -  0,00282.  

In neglecting the sum we make an error of less than 0.5%. After determining a it is necessary to take 

account of the first term in the sum and to determine k, since 

h - -  1- -k~ . ks:= k 1 # 
- _ a t  I - -  h 

The  f i r s t  t e r m  of the  s u m  c a n  be inc luded  in the  c a l c u l a t i o n  by  i n c r e a s i n g  the t i m e  of the  e x p e r i m e n t  so  
long as  i t  does  not  b e c o m e  v e r y  long, o r  by m e a s u r i n g  a n o t h e r  t e m p e r a t u r e ,  f o r  e x a m p l e  at  x = R.  It m a y  
be  b e t t e r  to c o m b i n e  t h e s e  two m e t h o d s .  Thus  we ob t a in  

R 3R 
01 (R, ~') = ( t - -  h) eric h eric 

2 1/al"r' 2 1 / a~ ' "  

T h e  l a s t  t e r m  on the r i g h t  hand  s ide  can  f r e q u e n t l y  be  n e g l e c t e d .  F o r  e x a m p l e  when ~-, = 2.25~- and R 
/3 �9 2 @  ~ 0.4 the error is 

5, o; ~: O.15h/(1 - -  h). 

Thus  the s o l u t i o n  with  the b o u n d a r y  cond i t i on  qc = c o n s t  a t  x = 0 can  be u s e d  even  wi thout  m e a s u r i n g  the 

h e a t  f lux [31. 

T h e  m e t h o d s  d e s c r i b e d  fo r  d e t e r m i n i n g  X and a a r e  c h a r a c t e r i z e d  by  the s i m p l i c i t y  of the e x p e r i -  
m e n t a l  a r r a n g e m e n t  and the m e a s u r e m e n t  p r o c e d u r e .  Only the t e m p e r a t u r e  and t i m e  need  to be m e a s u r e d  
v e r y  a c c u r a t e l y .  T h e r e f o r e  it i s  r e c o m m e n d e d  tha t  t h e s e  m e t h o d s  be u s e d  w h e n e v e r  p o s s i b l e ,  i . e . ,  f o r  
good  and a v e r a g e  h e a t  c o n d u c t o r s .  

F o r  v e r y  good  i n s u l a t o r s  t h e r e  is  no s i m p l e  way  to e n s u r e  su f f i c i e n t  t h e r m a l  i n s u l a t i o n  of the  l a t e r a l  
s u r f a c e  of a s e m i - i n f i n i t e  rod .  T h i s  i s  p a r t i c u l a r l y  d i f f i cu l t  in i n v e s t i g a t i n g  m o i s t  b o d i e s  when the t h e r m a l  
i n s u l a t i o n  m u s t  a l s o  s e r v e  as  m o i s t u r e - p r o o f i n g a n d  i t s  t h i c k n e s s  i s  l i m i t e d  by  the load  l i m i t  of the  s c a l e s  
o r d i n a r i l y  u s e d  in the  e x p e r i m e n t .  
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Fig. 2. The functions fl(a) and f2 
(a); a is  in m2/see .  
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Fig. 3. The functions Z, (a) and )t"(a); 
a is in m 2 / s e c .  

The a r r angemen t  desc r ibed  in [4] can be used to  de te rmine  the the rmophys ica l  coefficients  of insu-  
la tors ,  but then it is imposs ib le  to avoid an inconvenient boundary condition including the h e a t - t r a n s f e r  
coefficient  (~. For  compact  solid m a t e r i a l s  the sample  must  be a r a t he r  long cyl inder  of v e r y  sma l l  
d i a m e t e r  and without l a t e ra l  insulation. Then it is accura te  enough to reduce the two-dimensional  p rob-  
l e m  to one dimension:  

O~ Ox 2 r Or , Or 

0 .~ x -<.'. ~ ,  0~ r -~ : ro ,  ~ ~0,  

T (x, r, 0) = T o = const, 

T (0, r, "~)= T c =const, 

T (co, r, T)=  To; OT (oo, r, ~)/Ox = O, 

aT  (x, r o, "0 
- -  : a [ T  (x ,  r o, T) - -  To] .  

Or 

(6) 

(7) 

(S) 
(9) 

(lO) 

For  a smal l  radius  r 0 we have T(x, r ,  "r) "~ T(x, r0, ~') and the radia l ly  s y m m e t r i c  t e m p e r a t u r e  d i s -  
t r ibut ion is suff icient ly accura te ly  given by 

T (.v, r, ~) = T (x, O, ~) [ 1 - -  B (r/ru)~l . 

Then Eq.  (6) becomes  

OT(x ,  r o, x) _ ) ~  [O~'T(x, to, ~) ~ 2__2_ OT(x ,  r o, T) ] .  (6') 
pc 

OT [ Ox ~ r o Or ] 

Taking account of boundary condition (10) and omitt ing r 0 as an a rgument  of T we reduce (6') to the fo rm 

OT (x, ~) O"T (x, T) 2a 
- -  a I T  (x ,  ~)  - -  T o ] .  ( 6 " )  

Or Ox ~ pcro 

Thus for  ve ry  thin cy l inders  the two-dimens ional  Eq.  (6) reduces  to (6 w) with the boundary conditions 
(7), (8), and (9). Its solution is 

T c - T  o 2 F '  ~-Q , 21/a~ 

- +exp xv jer c F (11) 

By measu r ing  two t e m p e r a t u r e s  0(R/2, ~') and 0(R, ~-) solution (11) becomes  a s y s t e m  of two equations with 
the a rguments  ~ and a. The graphica l  method for  solving them i s  desc r ibed  in the following somewhat  more  
compl ica ted  p rob lem.  

Sys tem of Thin Uninsulated Cy l inder s  (Finite and Semi-Inf ini te) .  The values  of X and a for  mo i s t  m a -  
t e r i a l s  depend s t rongly  on the m o i s t u r e  content.  It is known that a t e m p e r a t u r e  gradient  p roduces  a t r a n s -  
por t  of mo i s tu re  and the re fo re  a uni form moi s tu re  dis t r ibut ion cannot be mainta ined.  The  mo i s tu re  
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d i s t r i bu t i on  will  be a p p r o x i m a t e l y  u n i f o r m  in a s h o r t  c y l i n d e r  of m o i s t  m a t e r i a l  with the n e c e s s a r y  s u r f a c e  
m o i s t u r e - p r o o f i n g .  Semibo tmdedness  m u s t  be ach ieved  with a d r y  s t anda rd .  In this  ca se  the fol lowing s y s -  
t e m  m u s t  be so lved  (sample  1, s t a n d a r d  2) 

OT x (x, r) 
Or 

aTe(x, r) 
Or 

02Tl( x, "0 2a Tl(x ' x) (--R-~:x..<..0), 
a I 

Ox ~ p~qr o 

= a., O~T~ (x, ~) 2a T~ (x, "r) (0 ~ x.(.. co), 
Ox 2 p2Qro 

T l(x, 0 ) = T  2(x, 0 ) = T  2(co, ~ ) = 0 ,  

T 1 (--R, ~) = T~ = const, 

T~ (0, r) = T~ (o, ~), 

OTx (0, r) X,,. OT~ (0, r) 
Ox ~ Ox 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

The so lu t ion  can be obtained v e r y  s i m p l y  by us ing the fol lowing f o r m  of the Lap lace  t r a n s f o r m :  

L [f (~)1 -~ .f exp [-- (s -- 2a!pcro) z] [ (~1 dr. 
0 

F o r  example  (12) has  the f o r m  

" ) (  " /  ( 2. (, ,.) 
IS-- TL, X, s 't TL, X, 9~Qro O~ro-. = a~TL~ X, S . . . .  -- �9 plQro .1 pjcir o , piClro 

If t e m p e r a t u r e s  a r e  m e a s u r e d  f r o m  T o ins tead  of f r o m  0 the solut ions  have the f o r m  

2 IT1 (x, T) - -  To] 
0~ (x, ~) = 

T o - -  T o 

, /~_~_] o,f. 1.2.R-= ~ + x 

= Z h" { exp [ - - (2nR § R + x) 
n = 0  

1/2~..r ' ,  [ -Xl-CO ) - oxp ( 2 . ~ +  s + ~j 

; / - ~ - ~  I o~f~ t 2'~----~---x - - -x )  { /  ~ j  \ 21 / :a~  [ /  ~ ]  + e x p  [ ( 2 n R - k R  

_ .  ,/.._-A-1 ~ +,-.. 
v /~1r o j 1 /a ir  V ~zro / ' 

o.,(x,, r ) =  2 [T"- (x' r) - -  To = ( ' - -  h) Vl~2 hn { exp r - -  ( 2nR § , , , V~ll 

r~=O 

V~.z. ]/" 2aa, ] eric " ' - - - -  -Xir~J 2 V a ~ -  2 V a,z I / )~xro ] 

{ (  ) ( " "+ "  " 2, ,~  + R x 1 / 2 ~ - E ]  orfo �9 -: T �9 ( 1 9 ;  
exp  Vm-1 ~ va~-, V X1,~-3 2 ]/a-~- 2 ~Ta~ [ /  Kit o ) J 

By  m e a s u r i n g  two t e m p e r a t u r e s  0 1 ( - R / 2  , ~-) and 01(0 , ~-) = 02(0 , T) and the t ime T we obtain f r o m  (18) 
two equat ions  with a r g u m e n t s  X l and al .  We i l lus t r a t e  the g r a p h i c a l  d e t e r m i n a t i o n  of ~t 1 and a 1 (hencefor th  
wr i t t en  X and a) by an  example .  

In the e x p e r i m e n t  d e s c r i b e d  in [4] the bes t  qual i ty  No. 2 cut  tobacco  was inves t iga ted .  In e x p e r i m e n t  
No. 3 t obacco  with a 17.3% m o i s t u r e  content  and a dens i ty  of 350 k g / m  3 was used .  The s t anda rd  was p a r a f -  
f in with )k 2 = 0.267 W / m - d e g ,  c 2 = 3.22 - 1 0  3 J / k g  "deg, a l l d P 2  = 9 1 0 k g / m  3. The  insula t ion  was p la s t i c  wi th~  i 
~ 0.21. The  m e a s u r e d  t e m p e r a t u r e s  a re  shown in Fig .  1 as  a funct ion of the t i m e .  

Using the o n e - d i m e n s i o n a l  so lu t ion  (4) and the expe r imen t a l  va lues  it was ca l cu la t ed  that  ~ = 0.0352 
W / m - d e g  and a = 6 . 9 7 . 1 0  -8 m 2 / s e c .  This  r e s u l t  shows that  p las t ic  cannot  s e r v e  as a t h e r m a l  in su la to r ;  
in fac t  t he re  is a l m o s t  no t h e r m a l  insu la t ion  for  bodies  with X = 0.035. However ,  the value  of X obtained is 
a consequence  of  the c r u d e  ca lcu la t iona l  e r r o r ,  and the a c c u r a t e  ca lcu la t ion  us ing  E q. (4) f o r  x = R g ives  
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h : 1 -- = -- 0,464, 

Even this r e s u l t ,  of c o u r s e ,  

01 (0.025; 1500) = 1 0.123 

erfc0.025/2 V6~97 I0 -s.1500 0.084 

1 / - h  ~ a~ 
-- 0.6175. 

cannot  be c o r r e c t  s i n c e :  

61 = ~,l/plal = 0.6175-10s/350 �9 6.97 := 25.3.103 J/kg. deg. 

Thus  i n s t e a d  of (4) we should  use  (18) wi th  x = - R / 2  and x = 0 fo r  T = 1500 s ee ,  s e t  up two equa t ions  
wi th  a r g u m e n t s  a(al)and~(=X1), and f ind the po in t  o f  i n t e r s e c t i o n  of the c o r r e s p o n d i n g  c u r v e s .  It i s  a s -  
s u m e d  tha t  R = 0.025 m and r 0 = 0.0125 m;  i n s t e a d  of a the hea t  t r a n s f e r  coe f f i c i en t  k m u s t  be c a l c u l a t e d  
s i n c e  the r o d  is  i n s u l a t e d  by p l a s t i c  wi th  d = 0.06 m: 

= - -  ~ - -  In ~ 4,36 W/m 2 .deg.i 
a 2~ i d o 

F o r  a h o r i z o n t a l  c y l i n d e r  in a f r e e  a i r  j e t  

cz -- 8.2 -i- 0.00733 (AT) 133 kcal/m 2 .deg .h (Schack), 

a = 8.1 -~ 0.045 AT kcal/m z .deg .h (Cammeter). 

Us ing  t h e s e  d a t a  we ob t a in  the  fo l lowing  func t ions  f r o m  (18): 

fl(a, 9~)=01(0; 1500; a, ;Q; [2(a, ~)=01(--0.0125; 1500; a, k). 

We c a l c u l a t e  a su f f i c i en t  n u m b e r  of po in t s  by c o m p u t e r  fo r  the c u r v e s  fl(a) and f2(a) wi th  the  p a r a m -  
e t e r  ~ and d r a w  t h e m  in the fa p lane  (F ig .  2). F r o m  the i n t e r s e c t i o n  of the c u r v e s  fo r  fl(a) and 01(0 , 1500) 
= cons t  we obta in  s e v e r a l  po in ts  f o r  a new c u r v e  X = ;~"(a). In the s a m e  way we ob ta in  the c u r v e  ~ = ;~"(a). 
T h e s e  c u r v e s  a r e  d r a w n  in the ka p lane  (F ig .  3), and t h e i r  i n t e r s e c t i o n  g i v e s  the v a l u e s  of the r e q u i r e d  
quan t i t i e s  a and ~. 

It i s  c l e a r  f r o m  F ig .  1 that  the  g a l v a n o m e t e r  r e a d i n g s  we re  not  s u f f i c i e n t l y  s t a b l e  d u r i n g  the e x p e r i -  
ment ,  and t h e r e f o r e  it is  p r o p e r  to t ake  the v a l u e s  of the t e m p e r a t u r e s  f r o m  the c u r v e .  Thus  

T 1 (0; 1500) = 26.08 ~ T, -- ( - -  0.0125; 1500) = 37.50 ~ 

The  t e m p e r a t u r e s  T I ( - R  , ~-) = T c = cons t  r e q u i r e s  p a r t i c u l a r  a t t en t i on .  It c an  be  s e e n  f r o m  [4] tha t  i t  is  
d i f f i cu l t  to m a i n t a i n  the t e m p e r a t u r e  a c c u r a t e l y  c o n s t a n t .  S t a r t i n g  f r o m  the a s s u m p t i o n  that  a t  the  b e g i n -  
n ing  of the e x p e r i m e n t t h e  i n s t a b i l i t y  was  s t i l l  l a r g e r  the b e h a v i o r  of T I ( - R  , T) can  be t r a c e d  in the 0 -25  ra in  
r a n g e  (open c u r v e  of F ig .  1). T h e n  the a v e r a g e  va lue  T s t  ~- 58.7~ and c o n s e q u e n t l y  

01(0; 1500)--- 2(26.08--21.6)  ~ 0.2415; 01(--  0.0125; 1500)=0.8572. 
58.7 - -  21.6 

Thus  f r o m  F ig .  3 we f ind X = 0.196 W / m , d e g ,  a = 26.4" 10 -8 m ~ s e c ,  and c o n s e q u e n t l y  c = 2120 J / k g .  
deg .  T h i s  va lue  of c i s  r e a l i s t i c .  

C ONC LUS IONS 

The  v a l u e s  of ~, and a can  be d e t e r m i n e d  s i m u l t a n e o u s l y  by  u s i n g  a r a t h e r  s i m p l e  e x p e r i m e n t a l  a r -  
r a n g e m e n t  [4] fo r  a l l  s i d e s  of m a t e r i a l s .  E q u a t i o n  (4) m u s t  be  u s e d  fo r  good h e a t  c o n d u c t o r s ,  E q .  (11) fo r  
c o m p a c t  i n s u l a t o r s ,  whi le  m o i s t  i n s u l a t o r s  r e q u i r e  the u s e  of  m o i s t u r e - p r o o f i n g  andE  q. (18). 

If e x p e r i m e n t s  a r e  p e r f o r m e d  in f r e e l y  c i r c u l a t i n g  a i r  t h e r e  wi l l  not  be  a l a r g e  e r r o r  in e s t i m a t i n g  
o r  k;  the e r r o r  in e s t i m a t i n g  o~(k) d o e s  not  have  a v e r y  l a r g e  e f fec t  on ~, bu t  does  have  a v e r y  l a r g e  e f fec t  

o n  a:  

k 2,91 3,49 4,17 4,36 4,65 
}. 0,2245 0,2045 0,1954 0,1960 0,2047 

a.10~ 11,45 13,31 18,62 26,40 30,00 
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The t e m p e r a t u r e s  mus t  be m e a s u r e d  v e r y  accura te ly ,  pa r t i cu l a r ly  at the junctions of the cy l inders  
which a r e  r a t he r  f a r  f r o m  the heated su r f ace .  The t e m p e r a t u r e  T I ( - R  , ~') = T c mus t  give an immedia te  
pulse  for  control l ing the t h e r m o s t a t .  I ts  cons tancy can be ensured  by the condensat ion of wa te r  vapor .  

2. 
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4.  
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